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Sensitivity Analysis for Rapid Prototyping of Entry Vehicles

Scott Josselyn∗ and I. Michael Ross†

Naval Postgraduate School, Monterey, California 93943

A procedure is presented for the application of parameter value-function analysis to the problem of rapid proto-
typing of entry vehicles. The trajectory optimization problem is imbedded in a family of canonically parameterized
optimal control problems. Rather than repeatedly solving an ensemble of trajectory optimization problems, it is
shown that a combination of sensitivity- and covector mapping theorems can be easily exploited to gauge quickly
the effect of a parameter on the performance of the entry vehicle. Although the theory is not limited to the type
or number of parameters, the ideas are demonstrated with three design variables: the maximum heating rate on
the vehicle, the parasitic drag coefficient, and the vehicle mass. No change in the proposed method is necessary
to carry out a similar analysis for other plant parameters for additional purposes such as the design of robust
guidance algorithms. With use of the Legendre pseudospectral method and results from nonsmooth analysis, it is
shown how to validate the sensitivity results.

Nomenclature
A = reference area, ft2

a = aerodynamic acceleration, ft/s2

C = heating rate coefficient, Btu · s2.07 · ft3.57 · slug0.5

CD = drag coefficient
CL = lift coefficient
D = drag, lb
J = generic cost functional
�L = lift, lb
m = vehicle mass, slug
p = generic parameter vector
q = heating rate
q̄ = dynamic pressure
R0 = reference radius, ft
r = radial position, ft
u = control vector
v = speed, ft/s
x = state vector
α = angle of attack, deg
β = inverse scale height, ft−1

γ = flight-path angle, deg
δ = bank angle, deg
∂p = proximal subdifferential
θ = longitude, ◦

λ = Lagrange multiplier
μ = Earth gravitational constant, ft3/s2

ρ = atmospheric density, slug/ft3

φ = latitude, ◦

ψ = heading angle, deg
� = angular velocity of Earth, deg/s

Subscripts

f = final condition
n, s, w = normal, tangential, and binormal directions
0 = initial or nominal condition

Received 13 July 2003; presented as Paper 2003-5500 at the AIAA Guid-
ance, Navigation, and Control Conference, Austin, TX, 11–14 August 2003;
revision received 7 January 2004; accepted for publication 9 January 2004.
Copyright c© 2004 by I. Michael Ross. Published by the American Institute
of Aeronautics and Astronautics, Inc., with permission. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0022-4650/06 $10.00 in
correspondence with the CCC.

∗Graduate Student, Department of Aeronautics and Astronautics;
josselynsb@navair.navy.mil. Student Member AIAA.

†Associate Professor, Department of Mechanical and Astronautical
Engineering; imross@nps.navy.mil. Associate Fellow AIAA.

Introduction

O NE of the long-standing problems in both military and com-
mercial space is the problem of access to space. Roughly

speaking, for commercial space, it is the problem of inexpensive
access to space, whereas for the military, it is assured access. Al-
though new technologies are being explored to meet these chal-
lenges, it is apparent that to reduce development costs of the various
possibilities, new tools are necessary to assess quickly the quantita-
tive impact of the design variables on the performance of the space
transportation system. Furthermore, in appraising the overall cost
of the design, it is also important to estimate the degradation in per-
formance due to aging components. Once the vehicle is designed,
additional parameter analysis is necessary to assist the design of
robust guidance algorithms. It is necessary to use high-order non-
linear models and a unified approach to harness the full scope of the
trade space of space transportation systems, because they are highly
nonlinear and strongly coupled with respect to many parameters.

In this paper, we propose a rapid and efficient approach to perform
a parameter value-function analysis for such studies in conjunction
with rapid trajectory optimization. Our approach is based on com-
bining sensitivity theorems1−4 with a covector mapping theorem.5−7

Roughly speaking, sensitivity theorems provide a relationship be-
tween a change in a desired variable to changes in the parameters.
Whereas such theorems are well developed in finite-dimensional op-
timization problems,1 sensitivity theorems are much less developed
in optimal control problems.8 This is, in part, because of the reg-
ularity assumptions necessary to develop second-order optimality
conditions.9 To use these theorems properly, it is necessary to verify
numerically all of the intricate conditions.8 This step involves an ac-
curate solution to the adjoint equations associated with the optimal
control problem.

A standard method to find the costates associated with the optimal
control problem is to solve the two-point boundary-value problem
that arises as a result of the application of the minimum principle.10

This problem is numerically sensitive to single-shooting methods
due to the ill-conditioned transition matrices of the perturbed sys-
tem. Multiple-shooting methods significantly alleviate this problem
and have been effectively used to solve a number of problems.8,11

These so-called indirect (shooting) methods are used because di-
rect methods, which are significantly easier to use, typically do not
provide accurate (in the sense of optimality) solutions6,12; hence,
the verification process becomes questionable (with direct meth-
ods). The gap between direct and indirect methods can be closed
by way of closure conditions,6,7 which essentially render closable
direct methods equivalent to indirect methods, thus, resolving the
accuracy problem. A covector mapping theorem6,7 then provides
accurate costate information without the burden of solving the two-
point-boundary-value problem. This facilitates a rapid sensitivity
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analysis for complex optimal control problems, which is the method
adopted in this paper.

In this paper, we are mainly concerned with the sensitivity of
the cost function to variations in the design parameters. Deferring
the details and limitations of our approach, we note that the con-
cept of rapid trajectory optimization (a necessary but not sufficient
condition for efficient sensitivity analysis) concomitantly solves a
number of other important problems such as that of minimizing the
turn-around time for mission replanning and the design of the outer
loop of an adaptive two-degree-of-freedom guidance system.13,14 In
addition, the concept of sensitivity analysis automatically implies
a verification technique for the optimality of proposed trajectory
designs and a means to design optimal robust guidance algorithms
that are insensitive with respect to environmental disturbance, for
example, atmospheric models, and vehicle models, for example, in-
ertia dyadic. In other words, the problem addressed in this paper is a
fundamental one associated with the rapid prototyping of advanced
entry vehicles.

Entry Dynamic Model
We demonstrate the ideas by arbitrarily choosing a particular

set of coordinates that describe the state of the vehicle by the six-
dimensional vector x = (r, θ, φ, v, ψ, γ ) consisting of its radial po-
sition, longitude, latitude, speed, heading angle, and flight-path an-
gle, respectively. The equations of motion are given by15

ṙ = v sin γ (1)

θ̇ = v cos γ cos ψ

r cos φ
(2)

φ̇ = v cos γ sin ψ

r
(3)

v̇ = as − g(r) sin γ + �2r cos φ(sin γ cos φ − cos γ sin φ sin ψ)

(4)

ψ̇ = aw

v cos γ
− v

r
cos γ cos ψ tan φ − �2r

v cos γ
sin φ cos φ cos ψ

+ 2�(tan γ cos φ sin ψ − sin φ) (5)

γ̇ = an − g(r) cos γ

v
+ v cos γ

r
+ �2r

v
cos φ(cos γ cos φ

+ sin γ sin φ sin ψ) + 2� cos φ cos ψ (6)

where g(r) = μ/r 2 is the inverse-square gravitational acceleration.
The aerodynamic accelerations, as , an , and aw , resolved in the tan-
gential, normal, and binormal directions are

as = −D/m, an = L cos δ/m, aw = L sin δ/m (7)

where m is the mass of the vehicle. The aerodynamic lift and drag
forces are given by

L = q̄ ACL(α), D = q̄ ACD(α) (8)

where

q̄ = 1
2
ρ(r)v2 (9)

and ρ(r) is the exponentially varying atmospheric density,

ρ(r) = ρ0e−β(r − R0) (10)

The lift and drag coefficients are modeled as

CL(α) = CL0
+ CLα

α (11)

CD(α) = CD0
+ CDα

α + CDα2
α2 (12)

Nominal Problem Formulation
Suppose that the cross-range performance is a key design param-

eter. For an initial equatorial orbit, maximizing the cross range is
equivalent to maximizing or minimizing the final latitude. Thus, the
problem is to find a control history, t �→ u = (δ, α), that minimizes
(or maximizes) the final latitude:

J [x(·), u(·), t f ; p] = φ(t f ) (13)

subject to the dynamic model of the preceding section and the heat-
ing rate constraint

q(r, v, α) ≤ qmax (14)

where the heating rate function, q(r, v, α), adapted from Ref. 12, is
given by

q(r, v, α) = qa(α)qr (r, v) (15)

where

qa = h0 + h1α + h2α
2 + h3α

3, qr = CρN (r)vM (16)

and p = p0 is the nominal parameter vector (data) for the problem.
The nominal data for the problem are adapted from Ref. 12 and
provided in Table 1 consistent with the notations used in this paper.
(The unit for α is radian.) The boundary conditions (also part of p0)
are summarized in Table 2.

Now suppose that the heat load on the vehicle was the prime
driver for design optimization. In this case, we may take the cost
function to be

J [x(·), u(·), t f ; p] =
∫ t f

t0

q[r(t), v(t), α(t)] dt (17)

and use φ(t f ) as a target parameter, that is, make it part of the
boundary conditions. Similarly, other options are possible. For the

Table 1 Nominal data adapted from Ref. 12

Parameter Value

A 2,690 ft2

C 9.289 × 10−9 Btu · s2.07 · ft3.57 · slug0.5

CL0 −0.2070
CLα 1.676
CD0 0.07854
CDα −0.3529
CDα2 2.040
h0 1.067
h1 −1.101
h2 0.6988
h3 −0.1903
m 7,008 slug
M 3.07
N 0.5
qmax 100 Btu · ft

2
/s

R0 20,902,900 ft
β 4.20168 × 10−5/ft
ρ0 0.002378 slug/ft3

μ 1.4076 539 × 1016 ft3/s2

� 7.2722 × 10−5/s

Table 2 Nominal boundary
conditions

Parameter Value

r0 − R0 260,000 ft
θ0 0
φ0 0
v0 25,600 ft/s
ψ0 0
γ0 −1.0 deg
r f − R0 80,000 ft
v f 2,500 ft/s
γ f −5 deg
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purposes of clarity, we limit the scope of this paper to cross-range
maximization.

Imbedding the Nominal Problem
In all, this problem has 29 parameters with nominal values given

in Tables 1 and 2. Roughly speaking, the parameters at the top of
Table 1 are vehicle design parameters, whereas those at the bottom
of Table 1 are environmental model parameters. For example, the
maximum allowable heating rate represents one of many model pa-
rameters that can be related to the mass of the thermal protection
system. The vehicle mass m may be classified as either a design pa-
rameter or a guidance parameter because it undergoes a potentially
large discontinuous change from its nominal value depending on the
cargo and crew onboard. In Table 2, all of the initial conditions are
collected to form a set of navigation parameters, whereas the final
conditions are the target parameters for a terminal area energy man-
agement. Denoting these 29 parameters as p ∈ R29, with nominal
value p = p0 as specified in Tables 1 and 2, we define the parameter
value function to be

V (p) := min
{x(·),u(·),t f }

J [x(·), u(·), t f ; p] (18)

Hence, V (p0) is the optimal cost function (cross range) for this
entry problem at the nominal value, that is, the problem posed in
the last section. To determine the effect of these parameters on the
cost function, a brute force approach would be to solve an ensemble
of trajectory optimization problems over all p ∈P , where P ⊆ R29

denotes the constraint set of possible variations in all 29 parameters
listed earlier. It is clear that not only is this a laborious task, but
it creates additional problems even if this arduous exercise was
carried out. For example, how does one analyze the effect of 29
parameters? One possible approach would be to pick them out one
by one and analyze the effect of each parameter separately. This
approach is somewhat justified if one assumes that each parameter
has an uncoupled effect on the cost function. Obviously, this is not
true for this problem (and for most nonlinear problems). Hence, a
systematic approach is quite essential to perform trade space studies
and explore various concepts. This is known as parameter value-
function analysis2,3 and is described next.

Parameter Value Function Analysis
Consider the trivial finite-dimensional optimization problem:

minimize

V (p)

subject to

p − p0 = 0 (19)

which is a special case of a canonical parameterization.2 Then, ac-
cording to the sensitivity theorem,2−4 we have

λp ∈ ∂p V (p0) (20)

where ∂p V (p0) is the proximal subdifferential2−4 of the value func-
tion at the point p = p0 and λp is the Lagrange multiplier associated
with the trivial constraint, p −p0 = 0. The proximal subdifferential
is the set of all proximal subgradients. A proximal subgradient is
the slope of a parabola that approximates V from below. Hence, a
proximal subdifferential generalizes the standard approximation of
a differentiable function by tangent lines to a set-valued represen-
tation. This generalization facilitates a nonsmooth calculus in such
a manner that it reduces to standard calculus when the functions of
interest are differentiable. See Refs. 2–4 for further details. Thus, if
V (p) is differentiable at p0, we have

λp = ∂V

∂ p
(21)

The reason Eq. (21) cannot be used in general is that the parameter
value function is typically nondifferentiable. In fact, no amount of
smoothness imposed on the nominal trajectory optimization prob-
lem will render the value function smooth. Under mild conditions,
the value function is Lipschitz continuous (see Refs. 2–4). Because a

Lipschitz-continuous function is differentiable almost everywhere,
Eq. (21) can be used in the following manner: Solve problem (19). If
Eq. (21) is valid at the point p = p0, then the equation of the tangent
plane of the surface defined by the value function at the point p0 is
given by

VT0
(p) = V (p0) + λT

p0
(p − p0) (22)

Now pick another point close to p0, for example, p1. This point
may be arbitrarily chosen, or along the direction of steepest ascent
or descent, p1 = p0 ± ελp0

, ε > 0, or guided by the physics of the
problem. In any case, we solve Eq. (19) again at the fixed value of
p = p1. If Eq. (21) is valid, then the equation to the tangent plane at
the new point p1 is given by

VT1
(p) = V (p1) + λT

p1
(p − p1) (23)

In the next step, we compare, |VT0
(p1) − V (p1)| and |VT1

(p0) −
V (p0)|. If these errors are small and about the same value, then the
assumption of differentiability was justified, and we immediately
have the sensitivity information for further study and analysis (such
as determining which parameter changes yields the maximum pay-
off). In the case when both of these errors are large, it means that both
these points were nondifferentiable (perhaps the direction p0 − p1

was some ridge or crevice of the value function) and Eqs. (22) and
(23) were supporting hyperplanes and not tangent planes. To move
away from these points of nondifferentiability, one can then repeat
the exercise for another point p2 that is orthogonal to p0 − p1. As
noted earlier, if the value function is Lipschitz (as we expect it to be
most of the time), then the described procedure is not expected to
generate wild error norms. In any case, it is apparent that we may
map out the value function and be able to find a point of differen-
tiability quickly at some ε neighborhood of p0.

Note that the trivial finite-dimensional optimization problem
posed as problem (19) is equivalent to the nontrivial infinite dimen-
sional optimization problem posed as problem (18) with p = p0.
Hence, the outlined method requires that the optimal control prob-
lem be solved accurately and rapidly and that the solution set in-
clude accurate values of the covector functions, that is, Lagrange
multiplier functions for the infinite-dimensional problem. Because
accuracy is critical to performing a sensitivity analysis, it is nec-
essary to pick an accurate dynamic optimization method. The con-
ventional wisdom12 on accuracy is an indirect method. However,
indirect methods come with all of the trappings outlined in Ref. 12.
Thus, it is apparent that if one could solve the trajectory optimiza-
tion problem with the ease of a direct method but the accuracy of
an indirect method, rapid parameter analysis could be carried out.
Unfortunately, most direct methods do not tie the resulting solu-
tions to the minimum principle; hence a two-step direct–indirect
approach is frequently promulgated to find the sensitivity multipli-
ers and covector functions associated with the extremal solutions.
One major drawback of the direct–indirect approach is that a signif-
icant amount of labor is still necessary to derive all of the necessary
conditions, including complex switching and junction conditions.
In the preliminary design phases, new constraints are added or old
ones removed rather frequently. This means that the necessary con-
ditions have to be rederived repeatedly, thus, subverting rapid anal-
ysis. Even if these tasks were somehow performed rapidly, solving
the multipoint-boundary-value problem is a fundamentally elabo-
rate project.

Over the past few years, efficient and accurate methods have
been developed to solve complex trajectory optimization problems.
The Legendre pseudospectral method7,16 is a particularly effective
method that has been used, by way of the DIDO software package,17

to solve a vast number13,18−24 of complex problems. In addition
to efficiency, DIDO provides spectrally accurate solutions for the
costates and other covectors without the use of any analytical differ-
ential equations for the adjoints and the derivation of the necessary
conditions. This is made possible by an implementation of the covec-
tor mapping theorem (CMT).6,7 This key theorem can be visualized
as shown in Fig. 1. Here, B represents any optimal control problem,
the superscript N represents the discretization, and the superscript λ
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Fig. 1 Schematic for CMT (from Ref. 7.)

represents the dualization, that is, the problem generated by an appli-
cation of the necessary conditions. In general terms, the CMT ties the
Karush–Kuhn–Tucker (KKT) multipliers of the finite-dimensional
optimization problem to the discrete covector functions by closing
the gap generated by the noncommutative operations of discretiza-
tion and dualization. In other words, the path taken in Fig. 1 going
horizontal first and vertical afterward is not commutative with going
vertical first and horizontal afterward. What the CMT does is facil-
itate a means to close the gap as indicated. Hence, from the KKT
multipliers, one can find covector functions to spectral accuracy, that
is, all of the multipliers can be obtained as if one solved the problem
by an indirect Legendre pseudospectral method. A readable discus-
sion of this concept as a fundamental principle in optimal control,
with applications well beyond the pseudospectral method, is pre-
sented in Ref. 6. Clearly, one main advantage of the CMT is that it
obviates the need for a two-tier direct–indirect method and provides
a rapid approach to value function analysis. A recent application
of this approach to the problem of rapid trajectory optimization for
entry vehicles is described in Ref. 18.

Results and Analysis
We now apply value-function analysis to the problem of entry

trajectory and design optimization. We demonstrate how our method
can be used for predicting the deviation in vehicle performance
with respect to deviations in the design parameters. Our method
can also be used for a number of other purposes as outlined in the
Introduction, but we limit the scope of the paper to perturbations in
the design parameters.

The imbedded family of entry problems is solved using DIDO,17

which implements many of the recent advances in the Legendre
pseudospectral method (see Refs. 7 and 13) that include an automatic
sparsity pattern generation and exploitation of the discrete Jacobian
sparsity by way of the nonlinear programming solver SNOPT.25 To
use DIDO, no knowledge of pseudospectral methods is necessary.
The optimal control problem is coded in much the same way as
one writes it down, thanks to the era of object-oriented software.
Following the technique described in Ref. 18, feasibility is declared
when the state histories obtained by a Runge–Kutta-propagation
(ode45 routine in MATLAB® that implements the Dormand–Prince
pair) of the initial conditions using the interpolated controls ob-
tained from DIDO match the states (obtained from DIDO) within
a prescribed tolerance. Convergence is declared when DIDO con-
trols match the extremal controls (within some prescribed tolerance)
computed through an application of the CMT.

To illustrate our procedure in a tutorial manner, we limit our
discussions to the three parameters associated with the design of the
vehicle: maximum heating rate qmax, parasitic drag coefficient CD0

,
and mass m; thus, we have

p = [
qmax, CD0

, m
]T

(24)

The nominal values are as stipulated in Table 1 and reproduced here
for quick reference where the units are the same as in Table 1:

p0 = [100, 0.07854, 7008]T (25)

The extension of the method to the 29 parameters identified in
Tables 1 and 2 is almost trivial, as will be apparent shortly.

For the nominal run [of maximizing cross range, V (p0) =
maximum φ(t f )], DIDO generates the sensitivity multiplier

λp =

⎛⎝ 2.180 × 10−4

−5.791

−1.877 × 10−6

⎞⎠ (26)

Because of the large variations in the scales of the nominal param-
eters [Eq. (25)], this vector is more meaningful when the effect of
units on the parameters is removed because what matters is not
the actual values of the components of λp but the product, λT

p p0

[Eq. (22)],

λT
p p0 = λqmax qmax︸ ︷︷ ︸

0.02180

+ λCD0
CD0︸ ︷︷ ︸

−0.4548

+ λmm︸︷︷︸
−0.01316

(27)

Assuming that Eq. (21) is a correct interpretation of the multipliers,
we get

maximum φ|p0 + dp = maximum φ|p0
+ dV (28)

where

dV = λqmax dqmax + λCD0
dCD0

+ λm dm (29)

Hence, the numbers in Eq. (27) reveal that the parasitic drag coef-
ficient is the most sensitive parameter to the maximum value of the
cross range, whereas the vehicle mass offers the least sensitivity.
Quantitatively, the parasitic drag coefficient offers about 35 times
higher sensitivity [from (λCD0

CD0
)/(λmm)] to the maximum value

of the cross range than the vehicle mass. Similarly, the cross range
is about two times more sensitive [from (λqmax qmax)/(λmm)] to the
maximum allowable heating rate than the vehicle mass. The signs
on the components of the multiplier reveals the directions of their
effects: If a larger cross range is desired, the maximum allowable
heating rate must be increased, while the parasitic drag coefficient
and mass must be decreased. From Eq. (22), we can also determine
the change in the maximum value of the cross range to a first-order
accuracy [assuming the interpretation of Eq. (21)]. The maximum
value of the cross range in degrees obtained from DIDO was

V (p0) = 36.87 (30)

Thus, a 10% change in all of the parameters (in the plus direction
for qmax and minus direction for the other parameters) is predicted
to change the maximum value of the cross range in degrees to

VT0
(p1) = 39.68 (31)

with the maximum contribution of the change (equal to 2.60 deg)
coming from a change in the parasitic drag coefficient. All of this
analysis is valid only under the interpretation of Eq. (21). A valida-
tion of the foregoing analysis around this nominal point can easily
be done by changing the parameters by 10% and resolving problem
(19). When this 10% point is denoted as p1, DIDO generates (in
degrees)

V (p1) = 39.88 (32)

Because |VT0
(p1) − V (p1)| = 0.20 deg is small (in the sense of en-

gineering judgement), we can conclude the result to be validated.
However, our method offers a better validation by examining the
new sensitivity multiplier at point p1:

λp =

⎛⎝ 7.407 × 10−5

−7.062

−1.105 × 10−6

⎞⎠ (33)
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Proceeding backward to our original point along this new hyperplane
[Eq. (23)], we get a predicted drop in the cross range (in degrees)
to be

VT1
(p0) = 36.62 (34)

Because |VT1
(p0) − V (p0)| = 0.25 deg, that is, the movement along

the hyperplanes generates the same errors (to the first decimal place),
we conclude that the hyperplanes were tangent planes, thus, vali-
dating the results.

It is apparent that such analyses carry over to any number of
parameters, that is, it is irrelevant whether p ∈ R3 or p ∈ R29. Re-
gardless, it is instructive to visualize the parameter value function
in some sense. Because p ∈ R3, the surface described by p �→ V
is in R4. Hence, it is necessary to further restrict p to R2 to visu-
alize the value function in R3. By choosing to plot the parameter
Value function for the pairs of parameters, (qmax, CD0

), (CD0
, m),

and (m, qmax) at the nominal values of the remaining third param-
eter, we essentially obtain the orthogonal projections of the three-
dimensional surface in R4 as a two-dimensional surface in R3 at the
nominal point. Clearly such projectional plots can be performed for
p ∈ R29 as well, except that we will now have 812 plots. Hence, the
differential–geometric method described is more suited for param-
eter analysis greater than two. Needless to say, it is still instructive
to examine certain two-dimensional surfaces.

Figure 2 shows a sectional projection of the parameter value func-
tion onto the (qmax, CD0

) plane. The dark pane is the plane obtained
from sensitivity analysis. The dots in Fig. 2 correspond to the re-
peat (and rapid) solutions to problem (19) and, hence, represent the
true values of the value function. The sectional surface is a triangle-
based cubic approximation of the data, generated automatically in
MATLAB by griddata. The dark plane is the projection of the hy-
perplane obtained from Eq. (22). From Fig. 2, it is apparent that
the value function is locally smooth and that Eq. (22) indeed repre-
sents the tangent plane at the nominal point. This notion is further
amplified in Figs. 3 and 4, where the surface of Fig. 2 is projected
onto the qmax and CD0

axes, respectively, along with the plane (now
a line in R2). The dashed line in Fig. 3 is the normal to the vec-
tor, (λqmax , −1), at the nominal point. Likewise, the dashed line in
Fig. 4 is the normal to the vector, (λCD0

, −1), at the nominal point.

Results identical to Figs. 3 and 4 were also obtained by restricting
p to the single parameter in question. This validates the notion that
Figs. 3 and 4 remain unchanged whether p ∈ R or p ∈ R29, an im-
mediate consequence of the fact that the parameters were assumed
to be independent in the model. Obviously, if the parameters are de-
pendent and modeled accordingly, then the parameter space would
be smaller. Because integrating models across various disciplines
is often semianalytical, it is apparent that a sensitivity analysis is
quite useful in a systems engineering setting so that the results ob-
tained by an apparent independence of the various parameters can be
checked with experts in the relevant fields. In any event, Figs. 3 and 4

Fig. 2 Sectional projection of the parameter value function onto the
(qmax, CD0 ) plane at the nominal value of m.

Fig. 3 Orthogonal projection of the parameter value function onto the
qmax axis at the nominal values of CD0 and m.

Fig. 4 Orthogonal projection of the parameter value function onto the
CD0 axis at the nominal values of qmax and m.

Fig. 5 Sectional projection of the parameter value function onto the
(CD0 , m) plane at the nominal value of qmax.

also illustrate that the sensitivity multipliers obtained from DIDO
do indeed provide equations for the tangent plane when the param-
eter value function is locally smooth. Figures 5 and 6 represent the
projections of the value function on the remaining two directions
as indicated. The dark pane is the plane obtained from sensitivity
analysis. Note that care must be taken in interpreting the sensitivity
multipliers in taking into account the units of the parameters and
their associated scaling factors.
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Fig. 6 Sectional projection of the parameter value function onto the
(m, qmax) plane at the nominal value of CD0 .

The technique presented here may also be used onboard to gauge
the effect of various parameters either during failure of certain com-
ponents or of inaccurate navigation information. This is because
each of these runs can be performed in a matter of seconds to
minutes18 with current technology in both hardware and software.
Significantly faster computations are possible with the same hard-
ware simply by exploiting new implementations.13,26

Conclusions
The application of sensitivity theorems in conjunction with the

CMT facilitates a rapid procedure for a sensitivity analysis for entry
vehicles. This obviates a need for the labor-intensive single-tier in-
direct method or a two-tier direct–indirect method. Computational
time for the entry problem reveals that results can be obtained within
a few minutes for high accuracy and less than a minute for reduced
accuracy. A further reduction in computational time is possible with
current technology and is the subject of ongoing research and im-
plementation.
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